A liminal crossed product of a uniformly hyperfinite C∗-algebra by a compact Abelian automorphism group  by Takesaki, Masamichi
JOURNAL OF FUNCTIONAL ANALYSIS 7, 140-146 (1971) 
A Liminal Crossed Product of a Uniformly Hyperfinite 
C*-algebra by a Compact Abelian Automorphism Group 
MASAMICHI TAKESAKI* 
Tbhoku University and University of Pennsylvania 
Received October 28, 1968 
It will be proved that a uniformly hyperfinite C*-algebra A admits a compact 
Abelian automorphism group G such that the crossed product C*(A, G) of A 
by G is isomorphic to the tensor product C(G) Gj, 5?‘%?(S) of the Abelian 
C*-algebra C(G) of all continuous functions on G and the C*-algebra S?(S) 
of all compact operators on a Hilbert space &‘. 
In the last part of the previous paper [II], the author pointed out 
that there does exist a postliminal crossed product of an antiliminal 
C*-algebra by a one-parameter automorphism group. Therefore, the 
following question naturally arises: What antiliminal C*-algebra A 
admits a locally compact automorphism group G such that the crossed 
product C*(A, G) of A by G ispostliminal ? In this paper, we shall show 
that a uniformly hyperfinite C*-algebra A, one of typical antiliminal 
simple C*-algebras, admits a compact Abelian automorphism group G 
which makes the crossed product C*(A, G) of A liminal. 
Now, we state at first the definition of a uniformly hyperfinite 
C*-algebra given by J. Glimm in [3]. 
DEFINITION. A C*-algebra A is said to be uniformly hyperfinite if 
there is an increasing sequence {M&z, of type In, factors such that 
u,“=r Mk is dense in A. It is, of course, assumed that each Mk contains 
the identity 1 of A. 
From the definition, it follows at once that each nk is a divisor of 
nk+r . Put p, = n, and p, = n,Jnk_l , k = 2, 3 ,... . 
LEMMA 1. If A, is the C*-algebra of all p, x p,-matrices, then A 
is isomorphic to the in.nite tensor product @r=‘=, A, in the sense of 
Takeda [8]. 
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Proof. It is clear that Mk is isomorphic to the tensor product 
M,-, gj, A,, k = 2, 3 ,..., so that we have 
Therefore, there exists a sequence {7rJ of isomorphisms nn of @F=r A, 








@ Ai rrn+t Mn,, 
i=l 
where i, means the imbedding of Ma into M,,, and j, is defined by 
j,(x) = x Q 1 for x E @:=I Ai . Therefore, we can define an iso- 
morphism 7~~ of the algebraic infinite tensor product Q,“=, A, onto 
U,“=, M, > which is an isometry by the unicity of cross norm in 
@& A, (see [5] and [lo]). The natural extension 7 of 7~,, is by 
continuity the desired isomorphism of @iit1 Ai onto A. 
By this lemma, we shall identify A and && At in the following. 
Let G, be the cyclic group of order p, for n = 1,2,..., and C(G,) 
denote the C*-algebra of all complex valued functions on G, with 
pointwise multiplication, conjugation and the sup norm. Of course, 
C(G,) is isomorphic to the direct sum of p, replicas of the complex 
field. For each s E G, , define the action of s on x E C(G,) by the 
equality 
W(t) = x(ts>, tEG,. 
The G, becomes an automorphism group of the C*-algebra C(G,). 
The crossed product C*(C(G,), G,) of C(G,) by G, is of finite 
dimension because C*(C(G,), G,) is the direct sum of p, replicas of 
C(G,) as a vector space; since the action of G, on the dual space G, 
of C(G,) is free and transitive, C*(C(G,), G,) admits only one 
irreducible representation by Ref. [l 1; Theorem 7.21, which implies 
at once that C*(C(G,), GJ is a finite dimensional simple C*-algebra. 
Considering the dimension of C*(C(G,), G,), we can conclude that 
C*(C(G,J, G,) is isomorphic to the C*-algebra A, . 
Now, let G denote the product group n,“r G, equipped with the 
weak product topology and G, denote the restricted product group 
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l-J::,“=, G, equipped with the discrete topology. Then G is a compact 
Abelian group and G, is a countably infinite discrete Abelian group, 
which is imbedded into G as a dense subgroup. Since each G, is 
self-dual in the sense of Pontrjagin duality, the couple (G, G,) is a 
duality system as Abelian groups. Suppose that the duality between G 
and G, is given by a function (g, s) E G x G, t-t ( g, s) E T1, where T1 
denotes the one-dimensional torus. Since the Abelian C*-algebra C(G) 
of all continuous functions on G can be identified with the infinite 
tensor product @:=I C(G,), G, can be regarded as an automorphism 
group of C(G) in the natural way. Then the action of s E G, on x E C(G) 
is given by the equality 
(sx)(d = 4g4, g E G, 
where the product gs is taken by regarding G, as a subgroup of G. 
By [5; Proposition 2.131, the crossed product C*(C(G), G,) is iso- 
morphic to the infinite tensor product a,“=, C*(C(G,), G,). There- 
fore, we get the following 
LEMMA 2. The unifomb hyperjkite C*-algebra A is identkfied with 
the moss product C*(C(G), G,) of C(G) by GO . 
Our next program is to realize the compact Abelian group G as an 
automorphism group of A. For the purpose, we shall briefly sketch the 
construction of C*(C(G), G,). Let 9 be the vector space of all 
continuous functions x with compact support on the product space 
G x G, . The *-algebra structure in 9 is given as follows: 
@Y)(& 4 = c e?, QYW, v; 
tEGO 
x*(g, s) = x(gs, s-1) 
forx,yEBand(g,s)EG x G,.Thenormofx~9isgivenby 
/I x 11 = sup{l/ n(x)11 : 77 runs over all *-representations of 91. 
Then the C*-algebra C*(C(G), G,) is the completion of 9 under the 
norm jl * 11. By definition of the norm in zZ~‘, every automorphism of 9 
is canonically extended to an automorphism of C*(C(G), Go). Define 
the action of g E G on x E 9 by the equality 
(gx)(h s) = x(gh, 4, (h, s) E G x G,, . 
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Then it is easily ascertainted that the action of g is an automorphism of 
9, so that g can be regarded as an automorphism of C*(C(G), G,,). If 
we define another norm (1 x II1 in 9 by the equality 
II x Ill = c SUP{/ 4s 4 : g E Gl, XE9, 
SEC0 
then the map: g E G t+ gx E 9 is continuous with respect to the new 
norm /I * )I1 for each fixed x E 9. Since I( x )I < II x II1 for every x E 59, 
the map: g E G t+ gx E 9 is continuous with respect to the C*-norm 
(1 . 11. The action of G on C*(C(G), GO) is isometric, so that the map: 
g E G t+ gx E C*(C(G), G,,) is continuous for every x E C*(C(G), GO). 
Thus, G can be regarded as an automorphism group of the 
C*-algebra A. Now, we are in the position to state our main result. 
THEOREM. The crossed product C*(A, G) of the un;formly hyper- 
fkite (Y-algebra by the compact Abelian automorphism group G is 
isomorphic to the tensor product C(G) @= L%?(Z) of the commutative 
C*-algebra C(G) of all continuous functions on G and the C*-algebra 
2%?(Z) of all compact operators on the Hilbert space Z of all square 
summable functions on G. Therefore, C*(A, G) is, of course, liminal. 
Proof. We remark that the action of G on A is obtained by shifting 
canonically the action of G on C(G) given by 
b4w = 4ghh g, hsG and XEC(G). 
Therefore, C*(A, G) is isomorphic to the crossed product 
C*(C(G), G x GO) of C(G) by the automorphism group G x G,, . 
First, we shall show that the dual space of C*(A, G) is parametrized 
by the compact space G. Since there is a one-to-one correspondence 
between the dual space of C*(A, G) = C*(C(G), G x GO) and the set 
of unitary equivalence classes of irreducible covariant representations 
of (C(G), G x Go), we have only to determine the irreducible covariant 
representations of (C(G), G x G,,). Let G denote the product 
group G x GO . Since the dual space of C(G) is the compact space G 
itself, the action of G on the dual space of C(G) is transitive and the 
stability group of G at each point of G is identical to the closed 
subgroup GO = {(s-l, s) : s E Go}. By the commutativity of C(G), there 
are no difficulties concerning the projective representations of the 
stability group, i.e., by [l 1, Theorem 7.21 every irreducible covariant 
representation of (C(G), G) 
(xo 9 g> of (C(G), (%I, 
is induced by a covariant representation 
w  ere h x0 is a fixed character and g is a 
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character of the discrete Abelian group G, . Since G, and G, are 
isomorphic, g is regarded as an element of G. Furthermore, each 
distinct pair g, , g, in G induces disjoint irreducible covariant 
representations of (C(G), G). Thus, the crossed product C*(A, G) of 
A by G is postliminal by [ll, Theorem 6.11 and the dual space of 
C*(A, G) is parametrized by G. 
Now, we shall describe more explicitly the irreducible representation 
z-~ of C*(A, G) corresponding to an element g E G. As a fixed character 
x0 of C(G) in the above, take the one defined by x0(x) = x(e) for 
x E C(G). Under the canonical identification of G and G x (e>, G is 
decomposed into the direct product G * G, . Therefore, the quotient 
group G/G!, is naturally identified with the compact group G, so that 
the underlying Hilbert space of the representation Vo of G induced by 
a character g, of Go is identified with the Hilbert space L2(G) (in the 
following, we shall denote it by Z of all square integrable functions 
on G with respect to the Haar measure; the representation ?Po is given 
by the equality 
for (g, s) E G, h E G and 5 E 2. The representation of C(G), which is 
associated with Ugo, is identically the same representation n defined by 
em!)(g) = a) 5(g), arc, es*, g E G. 
The couple (‘rr, Ugo) is the covariant representation of (C(G), G) 
corresponding to the irreducible representation rgO of C*(A, G) 
indexed by g, . To get more precise description of 7rg0, we shah 
reconstruct the C*-alg_ebra C*(A, G) as the crossed product 
C*(C(G), t?) of C(G) by G. Let 9 be the vector space of all continuous 
functions on G x G x Go with compact support. Then 9 can be 
imbedded into C*(C(G), G) as a dense subalgebra together with the 
following *-algebra structure 
cv)(& h 4 = J, t; (XL5 k, Q)y(gh k-lh, t-y dk; 
0 
x”(g, h, s) = x(ghs, h-1, s-1) 
for x, y E 9 and (g, h, s) E G x G x G, . Take and fix an element 
x E 9. Then we have 
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where x(*, h, s) means the element of C(G) obtained by fixing 
(h, s) E Go . Hence we have, for 5 E &, g E G, 
Therefore, the operator ~JX) on Z = L2(G) is defined by the 
integral kernel 
By the assumption on x, K$ is a continuous function on G x G, so 
that K;. induces a compact operator of Hilbert-Schmidt class. 
Moreover, the map g,, E G w  Kzo is a continuous L2(G x G)-valued 
function. Recalling that the correspondence of the kernel functions 
and the operators gives an isometry between the Hilbert space 
L2(G x G) and the Hilbert space 29(Z) of all compact operators 
on & of Hilbert-Schmidt class, the map: g, E G w  ~Jx) E L?9(%) 
is also continuous. Since the imbedding 99(X) into the C*-algebra 
oLpU(&‘) of all compact operators on 2 is continuous, the map: 
g, E G t+ rrJx) E 22?(Z) is continuous. 
Now, we are at the final stage of the proof. Since rgO is irreducible 
and 9 is dense in C*(A, G), we have 
for all g, E G. Take an arbitrary element x E C*(A, G). Then there 
exists a sequence (x3 in s with lim 11 x - x, 11 = 0. By the inequality 
7rQ0(x,) converges to v~,(x) uniformly for g, E G, so that the function 
go E G b r&) E ~+VY is continuous. As seen above, {7rg : g E G} 
exhausts the irreducible representations of C*(A, G), so that the map 
x E C*(A, G) w  r&x) E 2%(Z) defines an isomorphism of C*(A, G) 
into the C*-algebra of all P%(s)-valued continuous functions on G 
with pointwise multiplication, * -operation and the sup norm which is 
580/7/I-10 
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isomorphic to C(G) g5. Z%(X). Since ngrl and 7rg2 are disjoint if 
g, # g, , the above isomorphism is actually surjective. This completes 
the proof. 
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